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Abstract
If G=(V ′; E) is a graph and H=(V; H) is a graph whose edges can be decomposed into isomorphic copies of G, then
we de7ne a k-block colouring of a G-decomposition of H to be an assignment of k colours to the copies of G so that no
two copies of G having a vertex in common have the same colour. A G-decomposition of H has chromatic index ′ = k
if it is k block colourable and not k − 1 block colourable. We use the techniques of G-resolvable designs and G-frames
to solve the Minimal Chromatic Index Problem: Given H determine mininum {′(D) |D is a G-decomposition of H}
and exhibit a D that achieves this minimum, for the cases where H the complete graph on n vertices and G is the path
of length 2 or 3.
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1. Introduction
If G = (V ′; E) is a graph and H = (V; H) is a graph whose edges can be decomposed into isomorphic copies of G,
such a decomposition requires that |E| divides |H |, then we de7ne a k-block colouring of a G-decomposition of H to
be an assignment of k colours to the copies of G so that no two copies of G having a vertex in common have the same
colour. A G-decomposition of H has chromatic index ′ = k, if it is k block colourable and not k − 1 block colourable.
These kind of colourings for general graphs have been studied by Brown and Corneil [2].
A special case which has been widely studied is when |V ′| divides |V |, and the colour classes form ‘resolutions’ of V ,
and |V |=|V ′| divides |H |=|E|. When both G and H are complete graphs the problem goes back to Kirkman’s Schoolgirl
problem [12]. The case where G is a cycle of length n and H= Km is a special case of the Oberwolfach problem [13],
called the resolvable m-cycle system problem [14]. The case where G is a path of length n and H=Km were 7rst called
handcuGed prisoner designs [7,8,10,11] and later called resolvable path designs [1,9,16]. There is actually some confusion
in the literature as to whether the term “handcuGed design” is a path design or a resolvable path design.
We will look at for the cases where H= Kn and G= paths of length 2 and 3 is :
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The minimal chromatic index problem
Given H determine
min{′(D) |D is a G-decomposition of H}
and exhibit a D that achieves this minimum.
For G = K3 and H = Kv, a K3-decomposition with a minimum chromatic index is a Resolvable Triple System for
v=6k+3 and a Hanani Triple System for v=6k+1 [6,3]. When G=Cn (the n-cycle), and H=Kn, it is the Oberwolfach
problem for v= kn and it is the Walke problem for v= kn+ 1, which is still open as far as we know (this nomenclature
is explained in [15] with reference to the Dundas index). The term near-Oberwolfach refers to Cn-decompositions of the
cocktail party graph. (Kn \ a one-factor) [18].
When G is not regular or when |V (G)| does not divide |E(G)|, the problem is substantially more diScult; paths have
both these diSculties. Denote by Pk the path of length k − 1 (k vertices). What we intend to do is give a technique for
7nding the chromatic index of a P3-design and a P4-design as a paradigm for solving the chromatic index for various
graphs.
Denition 1. (1) A G-design G− (v; ), is a pair (V; B) where V is a v-set and B is a collection of isomorphic copies of
the graph G, called blocks, which partition the edges of Kv on the vertex set V .
(2) A G-design G− (v; ) with a hole of size w, is a triple (V;W; B) where V is a v-set, W ⊆ V is a w-set and B is
a collection of isomorphic copies of the graph G, called blocks, which partition the edges of (Kv \ Kw) on the vertex
set V .
(3) A G-GDD (Group divisible design) is a triple (V; G; B), where V is a 7nite set, G = {g1; : : : ; gn} is a partition
of V into subsets, the elements of G are called groups, and B is a collection of isomorphic copies of G, called blocks,
which partition the edges of Kg1 ;:::;gn , on the vertex set V . If for i = 1; : : : ; t, there are ki groups of size ni we say that
the G-GDD is of type n
ki
i ; i = 1; : : : ; t.
Thus, a G-design G − (v; ) is a G-decomposition of Kv, and a G-GDD is a G-decomposition of Kg1 ;:::;gn .
De7ne v = [v=|V (G)|].
Denition 2. (1) A near-parallel class of a G-design G− (v; ) is a collection of v vertex disjoint blocks.
(2) If v ≡ 0 (mod V (G)) a near-parallel class is called a parallel class.
(3) A partial parallel class is a collection of n6 v vertex disjoint blocks.
Denition 3. (1) A G-design is n block colourable if its blocks can be partitioned into n partial parallel classes.
(2) A G-design has chromatic index ′ if it is ′ (but not ′ − 1) block colourable.
A simple counting argument shows that the minimum possible ′ colouring of a G-design G− (v; ) will partition the
block set into [v(v − 1)=2|E(G)|v] near-parallel classes and possibly one extra partial parallel class, called the leftover
class; we call such a design a nearly resolvable G-design.
Denition 4. An (n; m) block colouring of a G-design G− (v; ) with a hole of size w, is a partition of the block set into
n partial-parallel classes of V and m partial parallel classes of V \W .
Given a (n; m) block colouring of a G-design G − (v; ) with a hole of size w, A say, and an m block colouring of
a G-design G − (w; ), B say, we may ‘7ll in the hole’ of size w in A with a copy of B and associate the m short
classes of A with the classes of B (the leftover classes of each are also associated) to obtain an n + m colouring of a
G-design G − (v; ). We call this an n + m block colourable G-design G − (v; ) with an m block colourable subdesign
on w points. In particular if m= [(w(w − 1))=(2|E(G)|w)], together with a possible leftover class, and
n=
[
1
v
(
(v− w)(v + w − 1)
2|E(G)| − v−w
[
w(w − 1)
2|E(G)|w
])]
;
we obtain the minimal [(v(v− 1))=(2|E(G)|v)] colouring of a G-design, together with a possible leftover class.
Denition 5. (1) A G-GDD is a resolvable G-GDD if the blocks may be partitioned into parallel classes.
(2) A G-GDD, (V; G; B), is a G-frame if its blocks can be partitioned into partial parallel classes, each of which is
a resolution of V \ gi for some group gi ∈G. These partial parallel classes are called holey classes with hole gi.
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We now concentrate on the case where G = Pk , k = 3 or 4. We note that when v|(v(v − 1)=2|E(G)|) the resolvable
case (v ≡ 0mod |V (G)|) has been solved in [1,9] and the almost resolvable case (v ≡ 1mod |V (G)|) has been solved in
[16]. For P3 and P4 these correspond to the cases v ≡ 4; 9mod 12. We include these cases in our exposition, partly to
provide an alternate proof, but mostly to show how the ‘frame’ methods apply to these cases. For the remainder of this
paper  = 1 and will be omitted.
We now introduce the required building blocks for the construction.
Lemma 6 (Hell and Rosa [8] and Horton [9]). (1) If k is even, then a Kk parallel class is the union of k=2 Pk parallel
classes [8].
(2) If k is odd, then a pair of Kk parallel classes on the same vertex-set and disjoint edge-sets, is the union of k Pk
parallel classes [9].
We will use the following special case of the resolvable Pk -GDDs, found by Yu [17]. We note that these can also be
found by applying Lemma 6 to a resolvable K3-GDD, which may be found in [4].
Theorem 7 (Min-Li Yu [17]). (1) For t¿ 2 there is a resolvable P3-GDD of type 12t with 9(t − 1) parallel classes.
(2) For t¿ 2 there is a resolvable P4-GDD of type 12t with 8(t − 1) parallel classes.
Theorem 8. (1) For t¿ 3 there is a P3-frame of type 12t with 9t holey parallel classes, 9 of which miss each group.
(2) For t¿ 3 there is a P4-frame of type 12t with 8t holey parallel classes, 8 of which miss each group.
Proof. The Handbook of Combinatorial Designs [4] (and its online updates 〈www.emba.uvm.edu/∼dinitz/newresults.html〉)
give K3-frames of type 12t for all t ¿ 3 and K4-frames of type 12t for all t ¿ 4. We may use Lemma 6 with k = 3 and
4 to decompose the Kks and obtain Pk -frames of type 12t for all t ¿ k.
A Pk -frame of type 123 may be obtained by taking a resolvable Pk -GDD of type 122 on each pair of groups in turn.
We present a P4-frame of type 124, with point set Z3 × Z4 × Z4, groups Z3 × Z4 × {i}, i∈Z4. Develop the following
8 classes mod (−; 4;−):
‖(031)(012)(023)(001); (021)(133)(232)(113); (011)(102)(203)(122)mod (3;−;−)‖;
‖(032)(223)(001)(202); (003)(211)(012)(121); (033)(231)(013)(222)mod (3;−;−)‖;
‖(033)(032)(030)(212); (010)(103)(220)(022); (002)(113)(000)(123)mod (3;−;−)‖;
‖(033)(000)(122)(130); (013)(010)(202)(223); (020)(112)(103)(232)mod (3;−;−)‖;
‖(013)(000)(221)(223); (033)(230)(103)(201); (010)(111)(020)(131)mod (3;−;−)‖;
‖(013)(001)(033)(010); (000)(211)(103)(231); (030)(223)(020)(221)mod (3;−;−)‖;
‖(020)(011)(022)(010); (012)(030)(001)(000); (021)(202)(031)(032)mod (3;−;−)‖;
‖(021)(000)(212)(010); (032)(220)(111)(030); (001)(122)(131)(202)mod (3;−;−)‖:
2. Constructions and exceptional values
2.1. Constructions
We outline here the main constructions which we shall use. These are adaptations to graph decomposition of standard
frame and resolvable design techniques [4].
The RGDD construction: We begin with a G-RGDD of type gt with r parallel classes and an n coloured G-design on
g points, (V;B), with colour classes Ri and leftover class L. We construct a G-design on gt points as follows:
(1) We place an isomorphic copy of (V;B) on each group gj calling the colour classes R
j
i and the leftover class Lj .
(2) The resulting colour classes are
(a) the resolution classes of G-RGDD and
110 P. Danziger et al. / Discrete Mathematics 284 (2004) 107–121
(b) new colour classes
⋃t
j=1R
j
i .
(c) the leftover class
⋃t
j=1Lj .
The result is a n+ r colouring of a G-design on gt points, together with a possible leftover class.
The frame construction: We begin with
• A G-frame of type gt with n parallel classes missing each group.
• An (n; m) colourable G-design on g+ k points with a hole of size k, (V;W;B′), with n near parallel classes, Pi, of V
and m near parallel classes, Qi, of V \W and a possible leftover class L.
• An n+ m colourable G-design on g+ k points (V;B) with colour classes Ri and a possible leftover class M.
We also require that the blocks of L contain no points of the hole. Note that the existence of an n+m block colourable
G-design on g+k points (V;B) with an m colourable subdesign on k points gives both the latter two objects. We construct
a G-design on gt + k points as follows:
(1) The vertex set is the vertices of the frame together with k in7nite points ∞= {∞1;∞2; : : :∞k}.
(2) On the 7rst group g1 ∪∞ we place a copy of the n+m colourable G-design on g+ k points with colour classes Ri,
i = 1; : : : ; n+ m.
(3) On the each of the remaining groups gj ∪∞, j = 2; : : : ; t, we place a copy of a resolvable G-design on g+ k points
with a hole of size k, placing the hole over the points ∞. We call the resulting colour classes Pji , i = 1; : : : ; n, Qji ,
i = 1; : : : ; m and the leftover class Lj .
(4) If Fji , i = 1; : : : ; n, j = 1; : : : ; t, are the n holey classes of the frame with hole gj , then the colour classes the new
design are:
(a) F1i ∪Ri, i = 1; : : : ; n.
(b) Fji ∪Pji , i = 1; : : : ; n, j = 2; : : : t.
(c) Ri+n ∪⋃tj=2 Qji , i = 1; : : : ; m.
(d) The leftover class M ∪⋃tj=2 Lj .
The result is an nt + m colouring of a G-design on gt + k points together with a possible leftover class.
Hill climbing with divide and conquer. Hill climbing: We may 7nd small cases by using a pseudo hill climbing
algorithm for computer searches.
We start with the block set B= ∅ and the resolution classes, Rj = ∅. A resolution class is live if it does not contain v
blocks, the leftover class is live if it does not contain the number of blocks in the leftover class. We proceed as follows:
While there is a live class.
Randomly pick a live class R.
Randomly pick a point x0 ∈ R.
For i = 1 to i ¡ k.
Randomly pick xi such that either the pair xi−1xi ∈ B OR
xi ∈ R.
If placing the block x0x1 : : : xk conUicts with up to one other block.
B← B ∪ x0x1 : : : xk , deleting the conUicting block if any
R← R ∪ x0x1 : : : xk .
If we do not 7nd the design within a certain number of tries we start again. This algorithm works reasonably well for
small k, but the running time increases dramatically as k increases, as there will often be more than one conUicting block.
Divide and conquer: For a given k the running time increases as the number of blocks to be found increases, if this is
too large it may be possible to reduce this number by dividing the problem into two problems on about half the number
of blocks and piecing together the results. This can of course be done recursively and could be cleverly worked into a
single a pseudo-hill climbing algorithm. Though we did not need to do this for the cases we considered, our approach to
the case P4, v = 34 illustrates the idea:
(1) hill climb to 7nd a P4-decomposition of K17 missing one edge,
(2) hill climb again to 7nd a P4-decomposition of K17;17 missing one edge,
(3) apply the RGDD construction, ensuring that the missing edges are adjacent, so this path becomes the leftover block.
See the appendix for details.
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2.2. Chromatic index tables
We give two tables showing the parameters associated with Pk decompositions, k = 3; 4, we include the smallest value
the chromatic index could be (Tables 1 and 2 respectively).
With these values we may use the Pk -GDDs and Pk -frames from Theorems 7 and 8 in the constructions above to obtain
the entire spectrum. It remains to 7nd the ingredient designs for P3 and P4, which we do in the next section.
2.3. Ingredients for P3
When denoting a path we shall omit the commas and brackets, and we enclose the paths of partial parallel classes
between ‖, for example
‖012; 345; 678; 9ab‖:
• v ≡ 0 (mod 12): We use the RGDD construction, 7lling in the groups of a P3-RGDD of type 12t with a nearly resolvable
P3-design on 12 points with one block in the leftover class. The resulting t disjoint blocks form the leftover partial
parallel class of the result.
Resolution classes of a nearly resolvable P3-design on 12 points:
‖314; 526; 709; ba8‖; ‖516; 24a; 3b0; 798‖; ‖173; 28b; 546; 0a9‖;
‖183; 275; 4b9; 06a‖; ‖193; 204; 658; a7b‖; ‖103; 294; a5b; 768‖;
‖1a2; 435; 96b; 780‖; ‖1b2; 63a; 748; 950‖;
Leftover = {123}:
• v ≡ 1 (mod 12): We use the frame construction, 7lling in a P3-frame of type 12t using the following nearly resolvable
P3-design on 13 points with a hole of size one. V = {0; 1; : : : ; 9; a; b;∞}, ∞ is the hole and the leftover class contains
Table 1
Values for P3
v = 12t+ Blocks per class No. near ‖ classes No. of blocks in Expected ′
4t+ 9t+ leftover class 9t+
0 0 −1 t 0
1 0 0 3t 1
4 1 3 0 3
5 1 4 2t + 1 5
8 2 6 3t + 2 7
9 3 6 0 6
Table 2
Values for P4
v = 12t+ Blocks per class No. near ‖ classes No. of blocks in Expected ′
3t+ 8t+ leftover class 8t+
0 0 −1 t 0
1 0 0 2t 1
3 0 3 t + 1 4
4 1 2 0 2
6 1 4 2t + 1 5
7 1 6 1 7
9 2 6 0 6
10 2 7 t + 1 8
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three blocks, none of which contain ∞. We pair up these nine classes with the 9 frame parallel classes that miss the
particular group. The 3t disjoint blocks form the leftover partial parallel class of the result.
Resolution classes of the required nearly resolvable P3-design:
‖143; 526; 09∞; ba8‖; ‖516; 2∞4; b03; 798‖; ‖173; 28b; 546; 0a∞‖;
‖183; 275; 4b9;∞6a‖; ‖931; 204; 5∞8; a7b‖; ‖∞10; 294; a5b; 768‖;
‖a21;∞35; 96b; 780‖; ‖∞b2; 63a; 748; 950‖; ‖324; 658; 7∞0; a19‖;
Leftover = {4a9; 607; 3b1}:
• v ≡ 4 (mod 12): We start with a P3-frame of type 12t and apply the frame construction to create a nearly resolvable
P3-design on 12t + 4 points. We require a nearly resolvable P3-design on 16 points with a subdesign of size 4, given
below, the point set is V ∪W , where V = {0; 1; : : : ; 9; a; b} and W = {∞0;∞1;∞2;∞3}. The 7rst three classes contain
the subdesign, the 7rst block from each. We obtain 3 classes by taking the union of these classes across the groups.
for each group of the frame, the remaining 9 classes are paired with the 9 classes from the frame missing that group.
The result is a nearly resolvable P3-design on 12t + 4 points with 9t + 3 classes:
‖∞1∞2∞3; 204; 715; ab8; 936‖; ‖∞0∞1∞3; 653; 09a; 814; b72‖;
‖∞2∞0∞3; 705; 486; 9b2; 3a1‖; ‖0∞01;∞13b; 24∞2; 75a; 896‖;
‖82∞0;∞154;∞276; a∞39; 01b‖; ‖8∞05; b∞14;∞292; 7∞33; 6a0‖;
‖4∞07; 8∞19; a∞2b; 0∞31; 325‖; ‖∞097; a∞11; 3∞28; 4∞3b; 260‖;
‖2a∞0;∞20∞1; 837; 6b4;∞359‖; ‖2∞25;∞17a; 08∞3;∞061; 943‖;
‖∞0b0;∞264; 78a; 913;∞12∞3‖; ‖∞030;∞212;∞36∞1; a47; b58‖:
• v ≡ 5 (mod 12): We start with a P3-frame of type 12t and apply the frame construction to create a nearly resolvable
P3-design with 12t+5 points. We require a nearly resolvable P3-design on 17 points with a subdesign of size 5, given
below. The point set is V ∪ W , where V = {0; 1; : : : ; 9; a; b} and W = {∞0;∞1;∞2;∞3;∞4}. The 7rst four classes
contain the subdesign, the 7rst block from each. We obtain 4 classes by taking the union of these classes across the
groups. For each group of the frame, the remaining 9 classes are paired with the 9 classes from the frame missing
that group. The leftover class comes from the union of the leftover classes across the groups. The result is a nearly
resolvable P3-design on 12t + 5 points with 9t + 4 classes and a leftover class of size 2t + 1:
‖∞1∞2∞0; 314; 526; 709; ba8‖; ‖∞2∞3∞1; 516; 24a; 3b0; 798‖;
‖∞3∞4∞2; 173; 28b; 546; 0a9‖; ‖∞4∞0∞3; 183; 275; 4b9; 06a‖;
‖b∞04; 5a∞1; 03∞2; 8∞31; 7∞46‖; ‖∞02a; 4∞11; 6∞27; 9∞33;∞45b‖;
‖∞080; 5∞16; 4∞29; b7∞3; a∞41‖; ‖5∞03; 2∞17; 1∞20; b∞36; 4∞48‖;
‖1∞06; 0∞18;∞22b; a∞34;∞493‖; ‖19∞1; 204; 658; a7∞0; 3∞4b‖
‖10∞3; 294; a∞25; 768; 3∞1b‖; ‖1a∞0; 435; 96b; 78∞2; 2∞40‖;
‖1b∞2; 63a; 748; 9∞00; 5∞32‖; Leftover = {∞0∞1∞4; 950; 123}:
• v ≡ 8 (mod 12): Similar to the case v ≡ 4 (mod 12). We add points ∞i, i = 0; 1; : : : ; 7 and use the following nearly
resolvable P3-design on 20 points having a nearly resolvable subsystem on {∞i | i = 0; 1; : : : ; 7}. The 7rst six classes
contain the subdesign, the 7rst two blocks from each. The result is a nearly resolvable P3-design on 12t+8 points with
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9t + 6 classes and a leftover class of size 3t + 2. V = {0; 1; : : : ; 9; a; b} ∪ {∞i | i = 0; 1; : : : ; 7}:
‖∞0∞1∞2;∞3∞4∞5; 314; 526; 709; ba8‖;
‖∞6∞0∞7;∞1∞5∞3; 516; 24a; 3b0; 798‖;
‖∞3∞1∞4;∞0∞2∞6; 173; 28b; 546; 0a9‖;
‖∞1∞7∞2;∞3∞6∞4; 193; 204; 658; a7b‖;
‖∞5∞7∞6;∞3∞0∞4; 1a2; 435; 96b; 780‖;
‖∞0∞5∞2;∞3∞7∞4; 1b2; 63a; 748; 950‖;
‖183; 275;∞0a∞1;∞29∞3;∞4b∞5;∞64∞7‖;
‖103; 294;∞05∞1;∞28∞3;∞47∞5;∞6a∞7‖;
‖4b9; 06a;∞01∞1;∞27∞3;∞43∞5;∞65∞7‖;
‖∞02∞1;∞20∞3; 1∞44; 6∞5a; 3∞67; 9∞7b‖;
‖∞40∞5;∞61∞7; b∞06; 9∞18; 2∞24; 3∞35‖;
‖∞03∞1;∞26∞3; a∞42; 4∞55; 0∞6b; 7∞78‖;
‖∞49∞5;∞62∞7; 7∞08; 0∞16; a∞23; 1∞34‖;
‖∞04∞1;∞2b∞3; 5∞46; 2∞51; 9∞68; 0∞73‖;
‖∞48∞5;∞66∞7; 9∞00; 7∞1b; 1∞25; 2∞3a‖;
Leftover = {∞1∞6∞5;∞3∞2∞4; 123; a5b; 768}:
• v ≡ 9 (mod 12): No construction needed, just apply Lemma 6 to a resolvable K3-design [4].
2.4. Ingredients for P4
• v ≡ 0 (mod 12): Use the GDD construction with the following P4-design on 12 points. V = {0; 1; : : : ; 9; a; b}
‖0489; 156a; 237b‖; ‖0579; 138a; 246b‖; ‖2035; 147a; b968‖;
‖0125; 4367; 9ab8‖; ‖6095; 71b4; 82a3‖; ‖61a5; 7294; 80b3‖;
‖62b5; 70a4; 8193‖; Leftover = {4587}:
• v ≡ 1 (mod 12): We use the frame construction using the following nearly resolvable P4-design on V={0; 1; : : : ; 9; a; b; c}
as ingredient.
‖c123; a45b; 0789‖; ‖9364; 8ab2; 1057‖; ‖3149; 0ac5; 8627‖;
‖8bc0; 9a71; 2435‖; ‖b9c2; 06a5; 8473‖; ‖516b; 4097; a3c8‖;
‖b7c6; 5830; a192‖; ‖7695; 3b4c; 1820‖; Leftover = {80b1; 652a}:
• v ≡ 3 (mod 12): We use the frame construction, however in this case it is not possible to have a P4-design on 3 points,
and so we must 7nd a nearly resolvable P4-design and a nearly resolvable P4-design with the hole of size 3 separately.
We take V = {0; 1; : : : ; 9; a; b;∞1;∞2;∞3}.
(1) A nearly resolvable P4-design:
‖∞1∞2∞30; 8412; 567b‖; ‖a∞1∞3b; 0951; 3682‖;
‖0∞11a; 72∞23; 4∞358‖; ‖2∞131; 4∞250; 6∞378‖;
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‖b4∞15; 06∞27; 8∞39a‖; ‖6∞175; 8∞292; a∞310‖;
‖8∞194; a∞2b5; 62∞33‖; ‖∞1b2a; 40∞21; 7389‖;
‖25a0; b397; 4618‖; ‖20b8; 3a69; 1745‖;
‖6b19; 07a8; 2435‖; Leftover = {4ab9; 8032}:
(2) A nearly resolvable P4-design with the hole of size 3-{∞1;∞2;∞3}:
‖8∞194; a∞2b5; 2∞336‖; ‖6∞175; 8∞292; a∞310‖;
‖b4∞15; 06∞27; 8∞39a‖; ‖a2∞13; 4∞250; 6∞378‖;
‖0∞11a; 62∞23; 4∞358‖; ‖a∞1b2; 40∞21; 7389‖;
‖0∞3b9; a841; 5672‖; ‖0951; 6823; 4ab7‖;
‖6b19; 807a; 2435‖; ‖20b8; 3a69; 1745‖;
‖25a0; b397; 4618‖; Leftover = {0312}:
• v ≡ 4 (mod 12): Just apply Lemma 6 to a resolvable K4-design on 12k + 4 points [4].
• v ≡ 6 (mod 12): We use the frame construction with ingredient a nearly resolvable P4-design on 18 points with a
subdesign of size 6, given below. The 7rst four classes contain the subdesign, the 7rst block from each.
V = {0; 1; : : : ; 9; a; b;∞0;∞1;∞2;∞3;∞4;∞5} :
‖∞0∞1∞3∞5; 0489; 156a; 237b‖; ‖∞1∞2∞4∞5; 0579; 138a; 246b‖;
‖∞2∞3∞0∞5; 2035; 147a; b968‖; ‖∞3∞4∞1∞5; 0125; 4367; 9ab8‖;
‖61a5;∞07∞19;∞20∞38;∞52∞4b‖; ‖7294;∞16∞0a;∞21∞35;∞48∞53‖;
‖80b3;∞15∞09;∞32∞26;∞5a∞47‖; ‖62b5;∞04∞18;∞33∞27;∞40∞59‖;
‖70a4;∞13∞08;∞49∞36;∞25∞5b‖; ‖8193;∞12∞0b;∞24∞37;∞56∞45‖;
‖4587;∞00∞1b;∞3a∞29;∞51∞43‖; ‖6095;∞01∞1a;∞3b∞28;∞44∞57‖;
Leftover = {∞4∞0∞2∞5; 71b4; 82a3}:
• v ≡ 7 (mod 12): We use the frame construction with ingredient a nearly resolvable P4-design on 19 points with a
subdesign of size 7, given below. The 7rst six classes contain the subdesign, the 7rst block from each.
V = {0; 1; : : : ; 9; a; b;∞0;∞1; : : : ;∞6} :
‖∞0∞1∞6∞2; 0579; 138a; 246b‖;
‖∞1∞2∞0∞3; 2035; 147a; b968‖;
‖∞2∞3∞1∞4; 0125; 4367; 9ab8‖;
‖∞3∞4∞2∞5; 6095; 71b4; 82a3‖;
‖∞4∞5∞3∞6; 61a5; 7294; 80b3‖;
‖∞5∞6∞4∞0; 62b5; 70a4; 8193‖;
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‖∞6048;∞01∞17;∞25∞32;∞46∞53‖;
‖∞6156;∞10∞08;∞3b∞23;∞5a∞47‖;
‖∞6237;∞04∞15;∞26∞3a;∞48∞5b‖;
‖∞6458;∞12∞06;∞29∞30;∞41∞57‖;
‖89∞63;∞0b∞16;∞37∞2a;∞55∞40‖;
‖6a∞6b;∞19∞07;∞38∞20;∞52∞43‖;
‖b7∞65;∞0a∞18;∞24∞33;∞49∞50‖;
‖78∞66;∞13∞05;∞31∞22;∞54∞4b‖;
Leftover = {∞6∞0∞5∞1}:
• v ≡ 9 (mod 12): We use the frame construction with ingredient a nearly resolvable P4-design on 21 points with a
subdesign of size 9, given below. The 7rst six classes contain the subdesign, the 7rst two blocks from each. V =
{0; 1; : : : ; 9; a; b;∞0;∞1; : : : ;∞8}:
‖∞2∞1∞4∞3;∞0∞8∞5∞7; 0579; 138a; 246b‖;
‖∞8∞1∞0∞2;∞5∞3∞6∞7; 2035; 147a; b968‖;
‖∞3∞0∞4∞5;∞7∞8∞2∞6; 0125; 4367; 9ab8‖;
‖∞5∞0∞6∞4;∞7∞1∞3∞8; 6095; 71b4; 82a3‖;
‖∞8∞4∞7∞0;∞3∞2∞5∞6; 61a5; 7294; 80b3‖;
‖∞3∞7∞2∞4;∞5∞1∞6∞8; 62b5; 70a4; 8193‖;
‖∞8048;∞09∞43;∞12∞57;∞65∞2b;∞36∞7a‖;
‖∞8156;∞44∞0a;∞1b∞59;∞68∞23;∞77∞30‖;
‖∞8732;∞0b∞46;∞10∞55;∞21∞64;∞78∞3a‖;
‖∞8458;∞40∞06;∞53∞17;∞69∞2a;∞71∞3b‖;
‖89∞83;∞02∞4a;∞56∞14;∞27∞6b;∞35∞70‖;
‖6a∞85;∞07∞41;∞18∞54;∞20∞63;∞72∞39‖;
‖7b∞86;∞48∞05;∞5a∞11;∞62∞24;∞33∞79‖;
‖78∞82;∞51∞03;∞26∞6a;∞34∞7b;∞45∞19‖:
• v ≡ 10 (mod 12): We use the frame construction with ingredient a nearly resolvable P4-design on 22 points with
a subdesign of size 10, given below. The 7rst seven classes contain the subdesign, the 7rst two blocks from each.
V = {0; 1; : : : ; 9; a; b;∞0;∞1; : : : ;∞9}:
‖∞2∞4∞0∞5;∞8∞6∞3∞7; 0489; 156a; 237b‖;
‖∞8∞1∞7∞0;∞6∞2∞9∞4; 0579; 138a; 246b‖;
‖∞9∞1∞5∞2;∞0∞8∞4∞6; 2035; 147a; b968‖;
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‖∞7∞2∞8∞9;∞6∞1∞3∞4; 0125; 4367; 9ab8‖;
‖∞0∞1∞2∞3;∞4∞5∞6∞7; 6095; 71b4; 82a3‖;
‖∞2∞0∞3∞8;∞6∞9∞7∞5; 61a5; 7294; 80b3‖;
‖∞1∞4∞7∞8;∞5∞9∞0∞6; 62b5; 70a4; 8193‖;
‖∞00∞18;∞2a∞31;∞42∞5b;∞63∞77;∞84∞96‖;
‖∞11∞09;∞3b∞20;∞53∞4a;∞74∞67;∞92∞85‖;
‖∞02∞1a;∞29∞33;∞44∞50;∞65∞7b;∞91∞86‖;
‖∞13∞0a;∞38∞22;∞55∞41;∞76∞6b;∞99∞80‖;
‖∞04∞19;∞27∞30;∞46∞5a;∞68∞72;∞8b∞95‖;
‖∞15∞08;∞36∞21;∞57∞4b;∞7a∞69;∞83∞90‖;
‖∞06∞1b;∞25∞32;∞48∞51;∞60∞79;∞87∞9a‖;
‖∞17∞0b;∞34∞23;∞59∞40;∞71∞62;∞98∞8a‖;
Leftover = {∞8∞5∞3∞9; 4587}:
3. Conclusions
We have thus shown that the chromatic values in the tables given in Section 2.2 are attained for every value of v,
except for some small cases where the required frames do not exist, v= 25; 28; 29; 32 for P3 and v= 25; 27; 30; 31; 33; 34
for P4. These cases are covered in the appendix.
The use of G-frames and resolvable group divisible designs is a powerful framework in the solution of the Mininal
Chromatic Index Problem. The necessary GDDs and frames can often be found by applications of Wilson’s construction
[4]. We believe that this type of methodology will be useful for solving a large class of these kinds of problems.
If G =
⋃
Ki we have a context for looking at “proportional” class-uniform like structures. In this case the number of
copies of each Ki (i = 1) in the leftover class is in the same proportion to those in the nearly resolvable classes. This
allows the number uncovered points (K1’s) in the leftover class to vary, which is why we exclude isolated points (K1).
The case where G= K2
⋃
K3 is particularly interesting and generalises the work of Danziger and Stevens [5].
The case of the Walke problem where one assumes that a 7xed number of people are gone on a hike and thus are not
present for the meal and further that many have left for home before the last meal is served, needs to be settled.
When G has fewer than four edges and no isolated points the only outstanding cases are two or three disjoint edges
for which the solution is trivial, and the claw K1;3.
The idea of subdividing hill climbing problems as was done to solve v = 34 in the appendix is a new a very useful
technique for graph decomposition problems which should be exploited further.
Appendix Small cases
In this appendix, we give those cases which are missed by the recursive constructions.
• P3, v = 25: A P3-design on 25 points with 18 classes, 6 blocks in leftover class, V = {a; : : : ; y}:
‖vcg; bhs; pxq; yol; kae; mfj; rtu; nid‖; ‖iqo; vwe; klx; prj; dst; ymg; ncb; uha‖;
‖duo; veg; cyf; txj; irb; nsw; hql; kpa‖; ‖smv; hjc; yug; wbp; itn; lrx; ofe; aqk‖;
‖jnf; sku; icl; bme; htw; rgq; dop; xya‖; ‖ruv; keq; chl; ybn; xgp; mjw; tdf; oas‖;
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‖exf; ovy; arm; pcd; ghn; isq; tkb; jlw‖; ‖mwd; ian; ceh; tys; rkv; bfq; lpu; goj‖;
‖wuq; fil; rse; jyh; gba; vdk; mnx; ptc‖; ‖mlb; rcs; oie; fuj; wxa; ykg; phv; dnq‖;
‖tbd; psx; law; qjv; fgy; oer; mun; hik‖; ‖mcq; ibu; ypw; kon; svl; adg; ftj; rhx‖;
‖avi; pje; fwo; bqd; nyr; kmt; slg; uxc‖; ‖afh; jsu; gvr; teb; qwc; knp; xdl; imo‖;
‖ylf; mqt; uac; bos; ign; jkx; pde; hwr‖; ‖nvx; hma; ltg; epq; sbj; iwy; drf; ocu‖;
‖lue; pvb; mdh; iyq; kfc; gja; xot; rnw‖; ‖piu; vfs; lne; jdy; ckw; mxb; qro; gat‖;
Leftover = {yel; qvt; jix; ohk; fpm; sgw}:
• P3, v = 28: A P3-design on 28 points with 21 classes, V = {a; : : : ; z} ∪ {A; B}:
‖yrb; Bzm; loc; ine; gxq; wkp; hju; vad; Atf‖; ‖Biz; lug; bkt; xsj; pwm; arc; qhd; Afe; nvy‖;
‖Bre; bdo; psv; Akg; iaz; hmn; wfj; tqc; xly‖; ‖smp; kir; qeo; ncz; djx; tvw; bBu; yhA; fgl‖;
‖ijn; lsr; qve; ybg; tcm; hoa; dzA; xfk; upB‖; ‖mxo; pdc; het; ual; yjr; nbw; Bgv; fsi; kqA‖;
‖rub; cle; zog; fmt; hax; vkd; sny; piq; wAB‖; ‖jqd; pem; zfB; thc; syu; awi; nAo; vbl; xrg‖;
‖khx; sot; yfb; mqB; ngd; uwz; rAl; pjv; cae‖; ‖nxd; qfh; amb; ewy; ckB; liA; rtz; pgs; ouv‖;
‖gAm; kov; dyi; hlr; bpq; nuf; ecw; tBx; jzs‖; ‖npf; gyo; atw; lzu; sej; vdi; qrk; mBh; xbc‖;
‖zgt; oja; frd; kln; wBy; phs; vAx; euq; bim‖; ‖xyz; oBe; bst; fld; vcp; knr; agm; whi; jAu‖;
‖pay; nzh; jtl; Aeb; oqs; cxi; dwg; umk; fvB‖; ‖hno; pxe; uky; Aci; tdf; vzb; sBa; rwj; qlm‖;
‖cyt; sAa; lpv; wof; rhu; xzq; gei; bjk; dnB‖; ‖lwn; giu; Bcj; rmv; zke; qaf; opy; Ads; hbt‖;
‖itp; lvr; Abo; uxk; qgh; zed; csw; jmy; fna‖; ‖oif; gjl; eyA; nqb; vxw; Bdm; prz; ksa; cut‖;
‖fcg; hvi; ntx; zpA; yqw; jBl; sud; bak; mor‖:
• P3, v = 29: A P3-design on 29 points with 22 classes, V = {a; : : : ; z} ∪ {A; B; C}:
‖slb; viC; kum; Ajn; pxd; aeg; cwh; otq; zrf‖; ‖zbk; ayi; tCe; cdv; hAs; nBg; oqj; fxl; mpw‖;
‖lwn; ozy; fih; ucv; Cxq; dps; aAr; tje; mBb‖; ‖agp; bfm; sBx; yhl; ein; voA; kqw; jCd; crt‖;
‖qvw; bdl; ohm; exn; fti; ypC; rsg; jBa; Ack‖; ‖krB; nCw; opv; uxh; zgm; yfa; djs; qlt; Abe‖;
‖cem; dfn; ykz; lou; qsx; gjv; Btw; Cah; ibr‖; ‖ybt; coe; jrw; imA; qfg; Bkh; vxz; uda; lns‖;
‖lza; xcg; yAk; Bvt; nob; wef; ruh; Cms; diq‖; ‖hBo; dke; wyj; arn; guC; mzt; scb; pix; flA‖;
‖Bph; qel; Awm; rvs; xod; ytg; ufz; ikj; ncC‖; ‖nyc; jwx; zBe; ubm; qAt; fsh; oCv; dgi; alk‖;
‖cfw; qas; rly; ijo; xkC; evn; ght; pzu; mdA‖; ‖yCs; qmr; AiB; xjb; tac; eul; zdh; wof; knp‖;
‖znt; fhj; ymo; prC; Aed; vai; ksb; wgq; lBu‖; ‖zvk; icm; epA; rgo; xyB; abh; fCq; wds; nuj‖;
‖puw; koy; hzi; vAf; set; amn; dqr; gbx; jcl‖; ‖irx; BCh; fvu; qys; lpb; jao; wzc; Ang; ktm‖;
‖hro; wsu; zAC; nqB; xmv; ctp; dye; fka; jlg‖; ‖wis; xgC; Aua; nbq; tdB; cpk; fjm; hvl; zer‖;
‖ilm; Czj; kwa; ost; rdn; vgy; pqu; ABf; che‖; ‖uio; hne; ryv; fpj; cBw; txa; bCl; qzs; gkm‖;
Leftover = {yut; xAg; nap; vbw; cqh}:
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• P3, v = 32: A P3-design on 32 points with 24 classes, V = {a; : : : ; z} ∪ {A; : : : ; F}:
‖Alo; cjw; uDf; CrE; mpk; syi; bqF; teh; zng; Bvd‖;
‖gjq; yal; fvm; eik; pxs; FcC; ztu; dBD; nhA; orb‖;
‖Cdu; wyk; atr; gvx; ozs; Ffh; DqE; cni; Bpj; Ame‖;
‖uvz; ghB; xCl; nAf; wkq; dba; cot; Fsm; jyE; iDe‖;
‖bjB; hue; gpw; cis; qlv; rDd; kFC; xao; yAE; mnf‖;
‖Eij; bhv; uzF; wan; gBl; sdp; Cof; yDk; Acm; erq‖;
‖wgd; opt; uyc; nxz; jls; Fai; DbE; khr; vAC; mqB‖;
‖moD; pnw; lEv; ytc; Agx; sCj; zkd; urf; FbB; qhi‖;
‖gFl; ufi; Bea; rwA; pCD; osv; xEh; ymb; dqz; ktn‖;
‖wub; kac; eCz; mdt; xoj; qsn; hDl; fgE; Brp; AFi‖;
‖gkm; Azb; ByC; xhd; iwD; qfa; scE; vtj; plr; uFe‖;
‖qAD; amu; Bfs; jko; dwC; bch; Frz; tix; eEn; gyp‖;
‖BEo; gli; nby; rcq; vDp; zdF; asu; wxm; htA; jfk‖;
‖DmC; noe; tgi; bfl; xcd; ukv; hsj; wFy; aAr; pEz‖;
‖wel; rxt; gbk; hjD; psE; fyo; iqa; czm; uBA; nvC‖;
‖ajz; qpf; gcu; vey; tBm; how; kEF; sDx; lbi; rnd‖;
‖qyr; uoF; gst; kxl; fEm; CaB; cvi; ped; Ajn; wzD‖;
‖ylh; pcw; quE; jrs; dxf; tmg; Aio; zen; Fva; BCk‖;
‖tCh; Fjv; dAo; Dap; iul; zgr; cfw; knq; Bxy; sbe‖;
‖izf; tqx; mhF; cBs; Dga; jek; vbC; ydo; puA; Ewl‖;
‖hyv; clm; raz; xbo; DnF; wBk; tEd; egu; qCi; pAs‖;
‖irv; lnC; Ejd; eAk; uxF; yzB; gqo; swm; Dtf; bph‖;
‖efC; xAb; Eah; Bog; twq; ldr; zpv; imF; skc; uny‖;
‖ujx; gCE; adf; btl; DFp; iBn; whz; ovq; ces; mrk‖;
Leftover = {BFt; bwv; cDE; auC; pid; zlk; fmj; xeq}:
• P4, v = 25: A P4-design on 25 points with 16 classes, V = {a; : : : ; y}:
‖mhit; neps; kfcr; gvyl; axdu; jobw‖; ‖vfhg; umeo; bcjn; tawd; pxsk; yriq‖;
‖xlhq; cwjy; mgse; ravb; ftdn; ikpo‖; ‖jlqw; eyuf; ackd; svoi; thnb; xrgp‖;
‖heqp; lngw; tycx; akro; vdfb; imsj‖; ‖coyf; ahjp; ldgt; kxnm; ivrw; qsub‖;
‖nybg; wkqv; tpmd; afxj; clue; hosi‖; ‖slpw; iymt; ofec; bdhk; ruvx; aqgj‖;
‖mxgo; hcsb; qtwy; ualv; dijr; eknf‖; ‖uxyd; shbl; qoae; prmf; kjtn; vwig‖;
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‖lonp; jvkm; geda; stuh; qfwx; cibr‖; ‖lmvn; dpfi; ajbe; hrsw; yktc; xquo‖;
‖fsyg; upai; hxbk; ncdo; eltr; jqmw‖; ‖ilwo; manr; xtej; kugf; hyqd; bpcv‖;
‖klfj; drei; qcuw; gasn; tbmo; ypvh‖; ‖kotv; yabq; frlg; mjds; unix; ewhp‖;
Leftover = {vexo; kgcm; piuj; wnqr}:
• P4, v = 27: A P4-design on 27 points with 19 classes, V = {a; : : : ; z} ∪ {A}:
‖uqxj; lhtk; mAzv; fgri; waeb; sdny‖; ‖vcle; hAwr; kbin; qszm; yfta; xpoj‖;
‖kjsl; bdtp; cxuz; hmwe; yrAq; iavf‖; ‖tqeh; nkdA; wprz; yjif; lgum; aboc‖;
‖azfn; isAp; vkro; tgyx; blqh; uwdc‖; ‖ysuc; bgpj; olvA; refm; hadq; wixz‖;
‖cral; pyeu; gstm; qwvx; zjno; hikf‖; ‖nwxd; Afca; jlpq; yhog; vurt; bmke‖;
‖xkqy; wosa; zdhf; ctAj; gvrb; epui‖; ‖rlkp; vncq; swzh; xmge; tjaA; byio‖;
‖pfuj; igdr; nxao; khcb; zltw; vmeA‖; ‖hxfr; doej; Acgq; imnp; bskw; ylut‖;
‖iAnt; bhjc; vymp; lfsx; kaud; oqzg‖; ‖oxga; hubw; fdmj; pcsv; etyk; iqnr‖;
‖yAuk; gjvp; cild; ztbn; mafo; exrh‖; ‖cwjf; edyu; ghvq; ansr; kzpb; omlx‖;
‖ipsm; yzbf; aqjr; xAkc; tove; lnhw‖; ‖zitx; okgA; pdvb; senu; lwya; fqmr‖;
‖aphs; xbqr; divt; lAou; ngwf; ycze‖;Leftover = {Abjd; mcei; nzoy}:
• P4, v = 30: A P4-design on 30 points with 20 classes, V = {a; : : : ; z} ∪ {A; : : : ; D}:
‖qxuD; ltod; kave; jmAn; szgw; fBhy; rpbC‖; ‖xajn; gbwr; epcz; Chvt; squm; dyio; AflD‖;
‖ocni; vzlw; djDe; Bsyr; xCqf; mhAk; tgup‖; ‖vgjw; zrkc; fxhl; ipdq; antb; oyeB; CDsA‖;
‖mesd; hjuB; goly; kwpz; Dnbx; qrtc; vCai‖; ‖ftDy; iApa; svmC; gqkl; noBw; hdzj; ucre‖;
‖sjAq; weoD; bfuC; azBd; rhiv; cxyk; lmtp‖; ‖rjxA; efgh; Ddnv; qaBb; scil; zwCt; kuop‖;
‖Dvcq; eisl; yBpn; Cfmr; kgdx; wabj; zAuh‖; ‖cael; jqoC; dmDx; fspv; Abit; yung; hkBr‖;
‖ktAB; fjvq; agyn; rlCs; bDwc; dexi; zmoh‖; ‖lBCc; nfkx; ovuz; sbyj; qhwi; egmp; rAaD‖;
‖oAgx; Dqns; beht; wfzy; Bcla; jCkv; diur‖; ‖ijcy; tzha; glnC; qBxm; vwok; Adfp;Drsu‖;
‖mnrx; cAvl; jekz; BDiC; obdu; qtsa; yphf‖; ‖qyad; chDg; Bnxo; jkpl; imws; frbv; uezC‖;
‖irCA; yfau; qwdt; hsoj; Dpxl; mkbz; gcen‖; ‖rdvB; cfoa; giqz; kDAe; nwul; xsmb; jtyC‖;
‖ozif; myAw; Cpqb; etBj; gskn; arvx; Dcdl‖; ‖cbhn; pjlA; Bgro; ikdC; eqma; zxtu; fvyw‖;
Leftover = {cmBi; atwx; eCgp; fDzn; ublq}:
• P4, v = 31: A P4-design on 31 points with 22 classes, V = {a; : : : ; z} ∪ {A; : : : ; E}:
‖iyvl; sxgA; aBfj; Dcbd; kozt; Ehue; Cprw‖; ‖mawd; Eofg; vnAk; rhti; sbDe; pBux; Czjq‖;
‖ckBv; aqog; hbxz; uymf; tdAE; rCwe; nlip‖; ‖rukf; stjy; qhvA; wieB; azDE; blxC; mdon‖;
‖mcAu; xfih; qCDv; wzpE; Bltb; jkny; orse‖; ‖obqc; kxtm; aDde; nCiu; Ewhp; grjA; lsfy‖;
‖lDtv; AirE; ajsm; gdkq; opfh; ezBn; xcwy‖; ‖luwj; tkCc; qvbE; rAsp; fnDB; meah; xyzi‖;
‖uzqE; vjCo; bycf; wsBx; tadr; eAlp; Dkgi‖; ‖BEfq; isal; unmC; cdho; rbek; zADj; gtyp‖;
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‖juve; lhcs; oDxd; zgmq; kpAw; yCbn; raft‖; ‖dBjp; CEai; bfvs; otce; rkmw; Dqnx; Aygl‖;
‖jdyk; bugh; vxaC; frmD; nsEz; cpeq; twoA‖; ‖gbjx; akvi; mhso; qyBA; clrD; zdnw; eEut‖;
‖dvml; wpDi; engB; hxEk; quCt; joab; rczs‖; ‖Dgpx; diou; cays; jmzv; fwBt; CelE; qAhn‖;
‖vgeo; mxqr; Eint; CBcj; apbz; yldf; wkhD‖; ‖hBry; pdCA; ksDw; Ecna; exib; fumo; qgjl‖;
‖rxoB; aAmb; nEvw; zhji; fCgc; klqs; yDup‖; ‖pvau; AbBi; mEyh; nret; kzfD; colw; qdsC‖;
‖qwgs; lznp; Bmik; cvCh; jEdu; oyef; rtAx‖; ‖ovrz; mpqB; kbwx; njeh; agEt; suci; AflC‖;
Leftover = {iqtp}:
• P4, v = 33: A P4-design on 33 points may be found [7].
• P4, v = 34: In this case the ordinary hill climbing methods failed. We subdivided the problem into two tractable
problems (the latter taking two days running time on a PC). We give a P4-design on 17 points, missing an edge, i.e.
a P4-decomposition of K17 \ e with point set {a; : : : ; p} ∪∞, the edge ∞a is left uncovered:
‖ghnp; ciam; djbl;∞fek‖; ‖chej; ldfn; bmi∞; ogka‖;
‖mlib; ngck; o∞da; fhjp‖; ‖mcfg; ikpb; denj;∞loa‖;
‖gpmn; eajf; lhdc; iokb‖; ‖phag; elfk; dino; mjcb‖;
‖egmo; fplj; nkhi; db∞c‖; ‖fbal; ipem; kdoh; g∞nc‖;
‖jigd; p∞km; anbh; ecof‖; ‖h∞jk; obei; fmdp; aclg‖;
‖klnd; e∞mh; pafi; ojgb‖;Leftover = {cpoe}:
We now give a P4-GDD of type 172 missing an edge, with point set V = ({a; : : : ; p} ∪∞)× Z2, the edge ∞0∞1 is
left uncovered:
‖i1e0∞1o0; h0b1k0c1; m0l1n0n1; b0a1c0k1; e1i0p1∞0; f1g0o1j0; j1d0g1a0; l0d1p0h1‖;
‖g1k0o1∞0; e0e1a0j1; p0f1b0∞1; k1d0m1o0; a1g0i1m0; f0c1h0d1; n1l0h1j0; c0l1i0b1‖;
‖l1d0h1n0;∞1m0p1j0; i0a1k0f1; c1∞0e1p0; o0k1e0j1; d1c0o1h0; b0n1f0i1; m1g0b1a0‖;
‖g0e1b0p1; n1o0f1∞0; j0a1l0m1; b1c0g1e0; f0∞1a0k1; c1i0d1d0; n0o1p0i1; h0j1k0l1‖;
‖o0o1a0h1; p0j1j0d1; l1b0b1m0; a1d0c1g0; k0p1f0e1; i0g1n0∞1; i1c0m1h0; n1∞0k1l0‖;
‖c1l0i1b0; d0n1h0k1; a1m0d1g0; g1p0p1a0; f1f0h1∞0; j1c0∞1k0; o0b1n0e1; l1j0m1e0‖;
‖h0i1j0g1; f0m1m0c1; n1k0h1c0; g0j1i0∞1; o1b0d1o0; k1n0f1a0; l1l0p1d0; p0a1e0b1‖;
‖k0i1o0p1; f1i0h1h0; l0j1n0m1;∞1d0e1c0; a0c1j0n1; p0l1e0o1; g1m0k1g0;∞0d1f0b1‖;
‖n1p0c1n0; a0l1h0a1; e1m0j1f0; d1k0k1j0; c0f1l0∞1; b1∞0i1d0; o0g1b0m1; h1g0p1e0‖;
‖j1o0l1g0; b0h1e0c1; n0a1∞0g1; p1h0f1m0; d0o1f0k1;∞1j0e1l0; c0n1a0d1; i0m1p0b1‖;
‖c0p1n0d1; e1h0g1f0; l0o1m0h1; b0k1i0i1; j1∞0m1k0; e0n1g0∞1; a0a1o0c1; d0b1j0f1‖;
‖m0n1i0o1; j1b0c1c0; d1e0f1d0; k0e1o0h1; g0g1l0b1;∞0l1f0a1; n0i1a0m1; h0∞1p0k1‖:
We now apply the GDD construction, ensuring that the ∞’s match up. Add the block a0∞0∞1a1 to the leftover class.
This gives the required P4-design on 34 points.
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